Meromorphic connections on P 1 and 
the multiplicity of Abelian integrals 

HOSSEIN MOVASATI Q 
Abstract 

In this paper we introduce the concept of Abelian integrals in dif- 
ferential equations for an arbitrary vector bundle on P 1 with a mero- 
morphic connection. In this general context we give an upper bound 
for the numbers we are looking for. 

Let V be a locally free sheaf (vector bundle) of rank a on P 1 and D = 
YH=i m i c i be a positive divisor in P 1 , i.e. all q's are positive. We denote by 
C the set of q's. A meromorphic connection V on V with the pole divisor 
D is a C-linear homomorphism of sheaves 

V:V-n£i(£>) ®o rl V 

satisfying the Leibniz identity 

V(fu) = df ®uj + fVu, feO ¥ i,ueV 

where Q Fl (D) is the sheaf of meromorphic 1-forms in P 1 with poles on D 
(the pole order of a section of Qpt(D) at c, is less than m,). For any two 
meromorphic connection Vi and V2 with the same pole divisor D, Vi — V2 
is a O-pi- linear map. 

Let t be the affine coordinate of C = P 1 — {00}, where 00 is the point at 
infinity in P 1 . By Leibniz rule and by composing V with the holomorphic 
vector field we can define: 

Vi : H°(F\ V(*oo)) -> ^(P 1 , V(D + *oo)) 

dt 

where *oo means that the pole order at 00 is arbitrary. Since ^ is a 
holomorphic vector field in P 1 with a zero of multiplicity two at 00, if 
uj G H ^ 1 , V(*oo)) has a pole (resp. zero) of order m at 00 then V a_LU 

dt 
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has a pole (resp. zero) of order m — 1 (resp. max {2,m + 1}) at oo. If there 

is no confusion we write V = V a_. 

at 

For any point b G P 1 \C we can find a frame {ei, e 2 , . . . , e a } of holomrphic 
sections of V in a neighborhood of b such that Ve^ = Vi and any other 
solution of Vcj = is a linear combination of e^'s. Analytic continuations of 
this frame in P 1 \C define the monodromy operator 

T : ^(P^C, b) — > GL(V b ) 

We say that V is irreducible if the action of monodromy on a non-zero element 
of Vb generates the whole V b . 

Let V* be the dual vector bundle of V. There is defined a natural dual 
connection V* : V* — > fipi(-D) ®o pl V* on V* as follows 

< V*5, oo >= d < 5, uo > - < 5, Vuj >, 5 e V*uo e V 

If {ei, e 2 , . . . , e a } is a base of flat sections in a neighborhood of b then we 
can define the dual of it as follows: < Si, ej >= if i ^ j and = 1 if i — j. 
We can easily check that 5j's are flat sections. The associated monodromy 
for V* with respect to this basis is just T*, where T* is the composition of 
T with the transpose operator. We can also define a natural connection on 
A k V = {uji A u 2 A • • • A u k | u>i G V} with the pole divisor D as follows: 

k 

V(c<Ji A lu 2 A • ■ ■ A UJk) = ^i A u 2 A • • • Ui, VcJj • • • A UJk 

i=i 

where VcUj means that we replace Ui by VcUj. 

Proposition 1. If the connection V over V is irreducible then for any global 
meromorphic non zero section ofV with poles at C U {oo} ; say oj, we have 

1. {VV; | i = 0,1,2,...} generates each fiber V b , b G P^C U {oo}; 

2. {V*u; | i = 0, 1, 2, . . . , a — 1} generates a generic fiber V b . 

Proof. If there exists awG ^(P 1 , V(*oo)) such that {VV; | i = 0, 1, 2, . . . } 
does not generate V& then there is a 5 fe G V 6 * such that 

<5 6 ,VV> >=0, i = 0,1,2,... 
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Consider the flat section 5 passing through 5b- Since 9 < £'" > \b=< 5b, V 1 uj >= 
0, we conclude that < 5, uj > is identically zero. Since V is irreducible, we 
conclude that to is the zero section. 

Now let us prove the second part. Let k be the smallest number such that 
for all non-zero 10 G if^F 1 , V(*oo)) A = ujAVujA- ■ ■ A V k u is not identically 
zero. We want to prove that k — a — 1. Fix a non zero uj with the property 
AAV k+1 u = 0. Let B = P 1 -CU{oo}U zero{ A) and V be the vector bundle 
over B generated by uj, Vw, • • • , V k u. Since AAV k+1 uj = 0, V induces on V 
a well-defined holomorphic connection. But this means that V b ' is invariant 
under monodromy. V is irreducible and so k + 1 = dim(V^) = a. □ 

Every line bundle L in P 1 is of the form L aoQ , where a is an integer and 
L aoo is the line bundle associated to the divisor aoo. We define c(L) = a 
(Chern class). According to Grothendieck decomposition theorem, every 
vector bundle V on P 1 can be written as V = ®f =1 Li, where Lj's are line 
bundles. We define c(V) = Ylt=i c (-^«) • In view of Proposition [1] the following 
definition is natural. 

Definition 1. For any meromorphic global section of V with poles at C U 
{oo} define its degree to be the sum of its pole orders. For any natural number 
n let H\/{n) be the smallest number such that for all uj of degree n the set 
{VV> | i = 0,1,2,... , H v (n) - 1} generates each fiber V b , b G P X \C U {oo}. 

Of course we have 

Hy(n) > a 

Let V be a line bundle. In this case H^(n) is the maximum multiplicity of a 
zero of a uj of degree n minus one and so Hy(n) = n + c(V) + 1. In general 
case we can only give an upper bound for H^(n). 

Proposition 2. Let V be an irreducible connection then 

H v {n) < (a - 1)(X>*) + «(" + l ) ~ ~ + c ( v ) 

Proof. For any global meromorphic section uj of V with poles at C U {oo} we 
define A = uj A Vuj A ■ ■ ■ A V Q_1 C(j. In Proposition [TJ we proved that A is a 
nonzero global meromorphic section of A a V. Let m be the order of the pole of 
uj at oo. The sum of pole orders of A at C is at most (a— 1)Q^ 77Ji)+oj( n— m). 
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Each V l a has a pole (resp. zero if m — i is positive) of order m — i at oo and 
so A has order m + m — 1 + m — 2 + -- - + m— (a — 1) = ma — a(a — l)/2 
at infinity. We conclude that the multiplicity of a zero of A in P 1 \C U {00} 
is less than 

(a — i)(y^ J TUj) + a(n — m) + ma — a{a — l)/2 + c(V) 

If 6 G P 1 \C U {00} be a point such that 00, Vuj ■ ■ ■ , V*u;, i > a — 1 do not 
generate then A has a zero of multiplicity i — (a — 2). The proposition is 
proved. □ 

It does not seem to the author this upper bound to be the best one. More 
precisely for any vector bundle V and divisor D on P 1 can we find a mero- 
morphic connection V on V with pole divisor D such that Hy{n) is the above 
number? 

Let 5 be a flat section of V* in a small open set U around b and wbea 
global meromorphic section of V with poles at CU {00}. From now on we use 
the notation f s u instead of < 5, u >. Let us fix the number n and suppose 
that the degree of u is less than n. What is the maximum multiplicity of 
Lu at t e U, say Hy{n,S)l Let S(n) be the vector space of meromorphic 
sections of V with poles at C U {00} and degree less than n. Since S(n) is a 
finite dimensional vector space, Hy(n,5 t ) is a finite number. 

Proposition 3. // V is irreducible then for allt E U 

Hy(n,5) > dimcS(n) — 1 

The equality happens except for a finite number of points in U. 

Proof. Let 001,002, ■ ■ ■ ,Wf, be a basis for the vector space S(n). Consider the 
determinant 



W b (t) = deti^-j^] bxb 



It is enough to prove that W b (t) is not identically zero. Let a < b be the 
smallest number such that W a {t) is identically zero. There exist holomorphic 
functions pi, i — 1, 2, . . . , a in U such that 



a-l 



K = ^AiPi/pa = 
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where A4 is the i-th column of [-|r-] axa - This is a equalities. If we 
act to the i-th equation and subtract the (i + l)-th equation we con- 
clude that [ ^ h? 3 ] b-i x 6-1 ■ [ d^af^ ] 6- 1 x 1 — 0. By hypothesis, this implies that 
[ at = or equivalently X^=i Cj J^cUj = 0, where q's are constant. 

Since V* is irreducible, we have 5^i=i c i u i = which is a contradiction. □ 



Proposition 4. If V irreducible then 

H v {n) = supp{H^(n,5)} 
where 5 runs through all flat sections ofV* in F l \C U {00}. 

Proof. The proof is essentially stated in Proposition |]. If there exists a 
degree n section to such that {V 1 uj | % — 0, 1, 2, . . . ,p — 1} does not generate 
Vb then there is a 5b G V b * such that 

VV> = 0, i = 0,1,2, ... ,p- 1 

b 

Consider the flat section 5 passing through 5b- We conclude that J s uj has 
multiplicity p at b and hence H^(n,5b) < Hy{n). The proof of the other 
part is similar. □ 

Regular Connections and Linear Equations: Consider the connection 
V* on V* as before and fix a trivialization map for V* around a singular 
point Q. V* is called regular at c% if each flat section of V* in a sector with 
the vertex q has at most a polynomial growth near q (see [ |Ku| p. 36 or 
I AB | p. 8). V is called regular if it is regular in all q's. 



Let u>i,u>2,-- - ,to a be global meromorphic sections of V with poles at 
CU{oo}. Let also 5%, . . . , 5 a be a base of flat sections of y* in a neighborhood 
of b. The Wornskian function is defined as follows 



W(t) = Wfa, ■•• ,uj a ) (t) = det[ / u. 



J t\axa 
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The division of two such functions is a one valued meromorphic function in 
P 1 \C and by regularity of V* we conclude that it extends meromorphically to 
the whole P 1 . Fix an u. By a similar argument as stated in Proposition [3] and 
by irreducibility of V we know that W(u, Vu;, . . . , V a ~ l u) is not identically 
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zero. The set {J s uj \ 5 is a flat section of V™} is a base for the space of 
solutions of the following linear equation 



(1) 



J 5 V a oo 



writing in other form 

a 

(2) : Y ia) + ^(-lyPiY® = 

where 



i=i 



P 



W{uj,Vuj,... ,V C 



W 



W = W(u,Vu,... ,V 



a-l 



Since j s Co has polynomial growth at the points of C, if) is regular therefore 
it must be Fuchsian i.e. Pi has poles of order at most i(see [ AB|| ). The union 
of poles of Pi's is the singular set of the Picard-Fuchs equation ip. It has 
three type of singularities: 



1. C: in a c, G C the solutions of 



branch. 



2. Z the zeros of W; In these singularities like regular points we have a 

aw 

space of solutions of dimension a. Note that P\ = -M- and so neither 



of these points is regular. For this reason in |[AB|| these are called 
apparent singularities. For a zero b of W we can find a flat section 5 of 
V* such that j s to has multiplicity greater than a at b. 

3. oo; Let m be the order of the pole of u at oo. The solutions of (0) in 
a neighborhood of oo are meromorphic functions with poles of order at 

most m at oo. 

aw 

Since Pi = we have 



Res(P 1 dt, t = c) = mul(W, t = c), ceCUZ 



Now Consider a regular linear equation ip with singularities at CUZUjoo} 
and suppose that it has apparent singularities in Z and a singularity of type 
3 in oo. Furthermore assume that if) has the same monodromy representation 
like as of V*. 
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Proposition 5. ip is obtained by a meromorphic global section of V with 
poles at C U {oo}. 



Proof. Consider in a neighborhood of b a base of flat sections 5i of V* and a 
base ei, i = 1, 2, . . . , a for solutions of ip such that the monodromy represen- 
tation of the both V* and ip with respect to these bases is the same Define 
a section of V — (V*)* as follows 

u{o~t) = ei(t) 

this is a one valued holomorphic section of V in P X \C7 U {oo}. Since ip and 
V* are regular, u extends meromorphically to C . □ 

Let 0b be the maximum multiplicity of solutions of ip at b. If b is a 
regular point of ip then = a — 1 and if it is an apparent singularity of ip 
then 0b > a. In the last case by definition of W we can see that W has a 

zero of order at least 0& — (a — 1) at b and by Pi = -S- we have 

0;, < Res{P x dt, t = b) + (a-l) 

Remark: Let us choose a trivialization of in a small disk .D around a 
singular point q of the connection V, V \jj= D x C a , and a coordinate z 
in D. In this coordinate we can write Vt> = |f + Yl^li ~J~ V + A(z)v, where 
v is a holomorphic vector in Cj, 1 < j ; < mi (resp. -4(^)) is a constant 
(resp. holomorphic in z) matrix. C\ is called the residue of the connection 
at q. Now we can apply the Levelt's theory (see [ AB Section 1, 2.2) to 
understand the local theory of this connection. 

Lefschetz Pencil: Let M be a projective compact complex manifold 
of dimension two, {M t } teP i a pencil of hyperplane sections of M and / the 
meromorphic function on M whose level sets are M f 's (see [[Lai ) . We set TZ 
the indeterminacy points of /, L t — M t — TZ, C — {ci, c%, C3, . . . , c r } the set 
of critical values of /, (3 — dim(H l (L t) C)) for a t 6 P 1 — C and C[t] the ring 
of polynomials in £. Since / |m-7J is a C 00 fibration over P 1 — C (see |[La|| ), 
/3 is independent of t. We assume that 

1. The axis of the pencil intersects M transversally. This is equivalent to 
this fact that in a coordinate system (x, y) around each indeterminacy 
point of / we can write / = ~; 

2. The critical points of / are isolated; 
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3. The pole divisor D = of / is a regular fiber, i.e. oo C. 

We define Q l (*D) to be the set of meromorphic z-forms in M with poles 
of arbitrary order along D. The set H = {J te sH l {L t , C), where B = P 1 — C, 
has a natural structure of a complex manifold and the natural projection 
H 1 — > B is a holomorphic vector bundle which is called the cohomology 
vector bundle. The sheaf of holomorphic sections of H is also denoted by H. 
In what follows when we consider / as a holomorphic function we mean its 
restriction to M — 1Z. Let Cm-tz be the sheaf of constant functions in M — TZ 
and R 1 f^M-n be the 1-th direct image of the sheaf Cm-ti (see ||GrRe||). 



Any element of R 1 fJC-M-niU), U being an open set in B, is a holomorphic 
section of the cohomology fiber bundle map. It is easy to verify that 

H^R x UCm-k®cO ¥ i, in 5 

Now let us introduce the Gauss-Manin Connection on H. Consider a holo- 
morphic coordinate (t, 0) in U, a small open disk in P 1 . The Gauss-Manin 
connection is defined as follows: 

V : H(U) -> ® 0u H{U) 

V(g ®c) = dg®c, ce R^Xm-AU), 9 G O r i(U) 

The sheaf of flat sections of V is R 1 f^M-n- Let | be a vector field in U. 
We write V_a = f o V. (V^(p ® c) = % ® c). 

In the same way we can define the cohomology fiber bundle if c of compact 
fibers Mi. Since H c is a V-invariant sub- vector bundle of H, we have the 
restriction of V to H c which we denote it again by V. 

Let io be a meromorphic 1-form in M with poles along some fibers of /. 
Let also {5 t } te pi_c, S t C L t be a a continuous family of cycles. The Abelian 
integral f s uo appears in the deformation df + eu of df inside holomorphic 
foliations (differential equations) and it is related to the number of limit 
cycles which born from the cycles 6t (see [ [Ho| ) . The pair (if, V) is defined 
in P 1 — C and in order to be in the context of this paper we may be interested 
to prove: 

Proposition 6. Under the assumptions 1,2,3, there is a vector bundle V , a 
sub-vector bundle V C V and a meromorphic connection on V with poles in 
C 

V:V^ fipi(-D) ®o pl V, D = miCi 

such that: 
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1. V is V ' -invariant. 



2. (V, V) (resp. (V, V) ) coincides with (H, V) ( resp. (H c , V) jmP 1 - C; 

3. The Brieskorn lattices ( Petrov module in the context of differential 

equations) of f H' = d ^ An o (»D)+rfn° ud) ^ s ^[t]-isomorphism to the mod- 
ule of global sections ofV with poles of arbitrary order at oo. 



This is a task which is done in details in | Hol|| . If the singularities of / are 



non-degenerated, i.e. in a holomorphic coordinate (x, y) around a singularity 
Pi we can write / = f{pi) + x 2 + y 2 , then all the m^s are equal to one. In 
other words V is logarithmic. 

The pair (V, V) is not irreducible but if H X {M, C) = and / satisfies 1, 
2, 3 and has non-degenerated singularities with distinct images then (V", V) 
is irreducible (see [|La|l 7.3). The following proposition justifies the use of 
(y,V) instead of (V,V). 

Proposition 7. For anu a meromorphic 1-form in M with poles of order at 

most n along D, the integral L to is a polynomial of degree n. V l a_u,i > n 

* at 
restricted to each fiber has not residues in 1Z and hence is a meromorphic 

section of V. 

Proof. We have p{t) := j^u = t n j^. Since the 1-form has not pole 

along D, ^ has finite growth at t = oo. Since pit) is holomorphic in C 
(even in the points of C), we conclude that p(t) is a polynomial of degree at 
most n. The second part is a direct consequence of the first one and the fact 

that mk w = k v i w - D 

I tried to study the maximum multiplicity of Abelian integrals in the 



context of meromorphic connections. My motives were the paper [|Ma|| and 
also a paper of mine, where the extension of cohomology vector bundles 
and their connections to the critical values of a meromorphic function is 
discussed. The upper bound obtained in Proposition |^ seems to be far 
from the best one (at least for Guass-Manin connections). Some works in 



Differential equations (see |[HoIl|| ) suggest that the number Hy{n) must be 



very sensitive with respect to V. 

Here I would like to express my thanks to Max-Planck institute for hos- 
pitality. Thanks go also to C. Hertling, Y. Holla and S. Archava for many 
useful conversations. 
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